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Abstract 

In this paper automorphic motives are constructed and analyzed with a view to- 
ward the understanding of the geometry of compactification manifolds in string 
theory in terms of the modular structure of the worldsheet theory. The results 
described generalize a framework considered previously in two ways, first by re- 
laxing the restriction to modular forms, and second by extending the construction 
of motives from diagonal varieties to nondiagonal spaces. The framework of auto- 
morphic forms and representations is described with a view toward applications, 
emphasizing the explicit structure of these objects. 
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1 Introduction 



The purpose of the present paper is to extend and generalize previous results on the con- 
struction of the compact "internal" varieties in string theory from first principles by using the 
worldsheet theory. The basic idea of this program is to associate pure or mixed motives to 
conformal field theoretic modular forms and to use these motives as the geometric building 
blocks of the geometry spanned the extra dimensions predicted by string theory. Gluing these 
motives together then determines the global structure of the varieties. Previous work in this 
direction was restricted in two ways. First, the class of varieties was restricted to diagonal 
hyper surf aces, with conformal field theories given by exactly solvable diagonal Gepner models. 
Within this class of spaces it is possible to consider deformation families that correspond to 
deformation of the conformal field theory along marginal operators. It can be shown that cer- 
tain types of singular fibers in such deformation families that lead to phases that are modular, 
with forms that can be constructed from the N = 2 supersymmetric minimal factors. Second, 
the relation between the structure of the conformal field theory T s on the worldsheet £ and 
the motives M(X) of the compact variety X obtained was based purely on the identification 
of the motivic L-function L(M, s) with L-functions L(fi, s) associated to modular cusp forms 
fi that are derived from the theory S. What is needed is a more conceptual picture that 
explains the experimental results based on L-function identities alone. 

The main motivation of the work described here is to relax the condition of diagonality to 
admit configurations for which the moduli space does not necessarily contain diagonal fibers, 
and to relax the constraint of modularity. This establishes that the framework proposed for an 
emergent spacetime program via automorphic motives extends to more general spacetimes. An 
extension of modularity is provided by the more general framework of automorphic forms 0, 
and their associated representations ir, as considered by Harish- Chandra [1, 2], Langlands [3, 
4], and many other mathematicians, in combination with the conjecture that all (pure) motives 
are automorphic. While in essence the relation between motives and automorphic forms is 
again mediated by the L-function, L(ir,s) = L(M,s), the structure of these automorphic 
objects allows to make the expected relation more precise. As a first step in this direction 
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the automorphic nature of some higher rank motives is analyzed. The strategy followed in 
the present work is a generalization of the one considered first in [5], where the automorphy 
of K3 fibered diagonal Calabi-Yau varieties was established by constructing the varieties via 
the twist map introduced in [6, 7] (see also the independent work of Voisin [8] and later work 
by Borcea [9]). Here this approach will be applied to motives of nondiagonal spaces. 

This paper is organized to start with the geometry as encoded in motives, then continues to 
the number theoretic structure of these motives, and then proceeds to automorphic forms and 
representations. In the final part these ingredients are combined in the discussion of some 
examples. More precisely, the structure is as follows. Section 2 introduces the varieties con- 
sidered in this work and discusses their arithmetic structure. Section 3 outlines the concept 
of motives, while Section 4 describes the construction of the motives relevant for nondiagonal 
varieties. Section 5 introduces some necessary number theory that provides a link between 
the motives and automorphic forms, while Section 6 describes the conceptual structure of au- 
tomorphic forms necessary for understanding the link to motives in a conceptual way. Section 
7 describes how these two different types of objects can be related in a transparent way with 
the least amount of machinery and Section 8 makes the general framework concrete for the 
class of f2-motives. In Sections 9 and 10 applications are given in the context of modular and 
automorphic motives for nondiagonal spacetimes. 

2 Arithmetic of diagonal and nondiagonal varieties 

The most important quantity associated to a motive is its L-function, an object obtained via 
the local zeta functions of Artin and Schmidt 



where N g>r (X) counts the number of points #(X/F q r) of the variety X over the finite field ¥ q r. 
For curves and simple types of varieties it is easily seen that the zeta function decomposes 
into factors that are associated to the cohomology groups H j (X) of X, and it was conjectured 




(1) 
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by Weil [10] that this is the case more generally. This cohomological interpretation of the 
Artin-Schmidt zeta functions 

proven by Grothendieck [11], shows that only a finite amount of information has to be com- 
puted in order to determine this object. Here Vp(X n ,t) = 1 — t, Vp U (X n ,t) = 1 — p n t 
and the remaining Vp(X n ,t) are polynomials whose degree is given by the Betti numbers 
b % = &im.^H % (X n ) of the variety. The global Hasse-Weil L- function is obtained by combining 
the local factors V 3 p (X, t) as 

L(Hi(X), 8 ) = ft 1 (3) 
p P P ( X ,P s ) 

Details about bad primes will not be of relevance in this paper. 

For the case of f2-motives of hypersurfaces of weighted projective spaces this arithmetic struc- 
ture can easily be computed directly, if very inefficiently A more conceptual analysis of the 
cardinalities N q ^ r is useful not only for calculational efficiency, but it is also necessary in order 
to extract from the cohomological zeta functions the local factors of the motives that are 
obtained via projectors acting on the cohomology. Both of these issues can be addressed as 
follows. 

Consider a hypersurface X% of dimension n and degree d embedded in weighted projective 
spaces f(w ,...,w n+1 ) with weight vectors denoted by (w , ...,w n+ i) G N n+2 . For smooth hyper- 
surfaces of degree d the monomial part H mon (X%) of the cohomology of X% is isomorphic to a 
subset U co h of integral vectors defined as 



U n4 = luez n+2 

i.e. H mon (X%) = W co h C U n ,d- 



< Ui < di - 1, d\ y^UjWj^ , 



(4) 



Associated to the elements of U n> d are products of Gauss sums, defined in terms of two char- 
acters associated to finite fields F p . The first is a character on the multiplicative group of 
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Fp into the cyclic group n v -\ generated by the (p — l) st root of unity 

Xp : F; — ► f Jlp . 1 , (5) 

defined by Xp( v ) — where = e 27 ™/ n , and the integer m is determined by the generator 
g G as v = g m . The second is an additive character 

F p — ► /i p (6) 

can be defined as ^(u) = £ p . With these ingredients the Gauss sums, defined as 

G n , p = Xp(u)Mu), (7) 

can be combined into the Gauss sum products defined as products 

n+l 

6? } (u) = (8) 

i=0 

were k — (p — l)/d G Z. These objects can be generalized to finite extension F g of F p with 
q = p r for some integer r G N via the trace operator from F q to F p (more details can be found 
e.g. in [12]). 

Cardinality problems of algebraic varieties are most often formulated in the p-padic frame- 
work, following the work of Dwork in the 1960s. For the understanding of the nondiagonal 
motives constructed below it is of advantage to consider the complex framework instead. A 
computation outlined in [12] shows that the multiplicative affine cardinalities N£(X*)ag of 
Brieskorn-Pham hypersurfaces of arbitrary type 

X « BP = j|>* = °} C P (»o,.^ +1 ) (9) 

is given by 

N p *(X d n ^U = (P ~ p ir+2 + ^ £ G J°(«)- (10) 

An extension of this result can be obtained with similar methods as in [12] for varieties that 
are nondiagonal. In the present paper the focus is on weighted hypersurfaces of the type 

X « ND = + Z - Z n+1 = 0jcP (roo ,....^ +l) . (11) 



These spaces are of interest because they contain the class of all nondiagonal Gepner models 
[13] (constructed in [14, 15]) and they overlap with the more general class of Kazama-Suzuki 
models. 



The formula that gives the cardinalities for these spaces can be written in the form 

iV p x (X^ ND ) = ^— ^ + ^— i G ^~ 2) ( u ) G -Mu n d n+1 -u n+1 )^, P G -u n+11 ^-, P - 

(12) 

These multiplicative affine cardinalities can be used to compute the projective motivic cardi- 
nalities that play a central role in the present work. 



3 Motives 



Motives can be thought of in two different ways, either in terms of Grothendieck's formulation 
involving correspondences, or as Galois representations. A discussion of both the original 
Grothendieck notion as well as the Galois theoretic picture of these objects in a physical 
context can be found in [5]. An in-depth discussion of many aspects of motives can be found 
in the illuminating collection of articles in ref. [16]. In this section the general structure of 
motives is briefly described while in the next section the motives relevant for the present work 
are constructed. 



3.1 Cohomological realizations of motives 

The motives of interest in the present work can be thought of as realized by subspaces of the 
intermediate cohomology of a variety X n of complex dimension n 

H{M) C H n (X n ). (13) 

For such motives their weight %, defined as the degree of the cohomology % = deg H(M), is 
given by the dimension of the variety % = dimcA n . More precisely, the Hodge decomposition 



6 



of the variety induces a decomposition of the realization H(M) as 

rk(M) 

H r ^(M) C H n (X n ), (14) 

ri+Si=w M 

where rk(M) is the rank of the motive. The Hodge decomposition admits an action of the 
multiplicative group C x via the characters x r ' s defined by 

X r ' s (z) = z^z~ s . (15) 

3.2 Tensor product of motives 

One of the fundamental reasons why motives are more useful that monolithic varieties in the 
context of the emergent spacetime program via automorphic forms and representations is that 
they can be viewed as the simplest building blocks which can be used to build more complicated 
structures. One of the constructions that facilitate this process is the tensor product. This 
product is reminiscent of the tensor product of conformal field theories, motivating the picture 
that perhaps both types of objects form structured sets (categories) that eventually might be 
shown to be isomorphic. More concretely tensor products are useful because when present 
they allow to associate lower rank automorphic objects to higher rank irreducible motives. 
For pure motives Mj of rank rk(Mj) and weights u>m(AL) corresponding rank and weight of 
the tensor product are given by 

rk Mi® M 2 = rk M± ■ rk M 2 
w M (M 1 ®M 2 ) = w M {M 1 ) +w M (M 2 ). (16) 

3.3 L-functions of motives 

The concrete functional relation between the worldsheet theory T s and the variety X is 
provided by an identity of the L-functions that are associated to the different kinds of objects 
in these models. As noted above, L-functions of a variety X are obtained via the Weil- 
Grothendieck factorization of the Artin-Schmidt zeta functions as cohomological functions 
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that encode the information obtained by probing a variety with varying, but finite, resolutions 
that are given by the size of the primes p G N that determine the order of the finite fields 
F p . By using Grothendieck's notion of a motive M as an object defined by a correspondence, 
one can think of its cohomological realization H(M) as given by a projector acting on the 
cohomology groups of the variety. The resulting three-fold factorization allows to construct 
the global L-function of a motive M as the product 

L(M,s) = l[L p (M,s), (17) 

v 

where the local factors L p (M,s) = V P (M, are given for motives M with H(M) C 
H n (X n ) for varieties of dimension n by 

V p {M,t) = det (1 + H p (M)t) . (18) 

Here t is a formal variable, which is set to t — p~ s , s G C, and H p (M) is a matrix whose rank 
is equal to the rank of the motive, computable in the context of weighted hypersurfaces in 
terms of Gauss sums. This will be made more explicit further below. One of the key issues in 
the theory of motivic L-functions is to establish continuation to the whole complex plane. 

4 Q- motives 

4.1 General concept of the il-motive 

The general notion of the fi-motive is based on the idea to associate a number field K x to the 
compact variety and to define the motive by orbit of the Galois group Gal(iCx/Q) of Kx over 
Q on a distinguished cohomology class Q [5]. This concept applies to all Calabi-Yau varieties, 
and more generally to Fano varieties of special type. This section briefly outlines the general 
framework before applying it to diagonal and nondiagonal varieties. 

The conceptual basis of the field K x is motivated by the Weil conjectures for varieties re- 
stricted to finite fields F p , for any finite prime p. Denote this restriction for varieties of 
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complex dimension n by X n /¥ p . The Weil-Grothendieck factorization of the local zeta func- 
tions leads to the natural question of what the nature is of the complex numbers that arise in 
the factorization these polynomials 

K(t) = + 5){p)t). (19) 

3 

For special classes of manifolds it is easy to see that the 5j(p) are algebraic numbers, and it 
was Weil's supposition that this always the case and that for smooth manifolds the norm of 
these numbers is determined by the primes p as 

\5)(p)\=P l/2 - (20) 

This conjecture was one of the main motivations for Grothendieck's development of arithmetic 
algebraic geometry before Deligne's proof using Grothendieck's framework [17]. 

Given the algebraic nature of the coefficients 5j(p) provided by the proof of the Weil conjectures 
as given by Grothendieck and Deligne it makes sense to define a number field Kx n associated 
to an algebraic variety X n of dimension n as 

Kx n ■= Q({5»}v,). (21) 

The fi-motive for any Calabi-Yau variety (CY) or Fano variety of special type (SF) is then 
defined as the orbits of the O-form under the Galois group Gel(K x /Q) of the field K x 

H(M n ) = (Gal(K x /Q),fi). (22) 

For Calabi-Yau n- folds X n one has f2 e H n '°(X n ), while for Fano varieties of special type 
f2 G i/" +Q_1 ' Q_1 (X„). The Fano varieties specialize to Calabi-Yau spaces for Q — 1 (more 
details of these varieties are discussed below). 

4.2 il-motives of diagonal and nondiagonal hypersurfaces 

The concept of the fi-motive given above can be made more concrete and computable for 
hypersurfaces in toric or weighted projective spaces. For diagonal weighted Calabi-Yau hy- 
persurfaces X% of complex dimension n and degree d it reduces to the motive defined as the 
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Galois orbit of the holomorphic (n, 0)-form with respect to the Galois group Gal(Q(/id)/Q) 
defined by the cyclotomic field K x = Q(/v)> where \id = is the cyclic group generated 
by £d = e 2m / d . The degree of such varieties is given by the lowest common multiple of the 
degrees di of the monomials zf* and it would seem natural to adopt the same definition for 
nondiagonal hypersurfaces. However, while the orbits so constructed can be used to extract 
the motive, they are not irreducible. To obtain irreducible motives for varieties of type (11) 
define an integer v G Z as the lowest common multiple of the degrees di of the variables Z{ for 
% 7^ n of the monomials of the defining polynomial 



The field K x associated to the hypersurface X is then the abelian field K x = Q(fJ> v ) an d the 
motive is given by the orbit of the Q form, which now can be written in a more explicit form 
because of the lattice representation of the monomial cohomology given by U n ,d m Section 
2. In this realization of the differential form Q for both CYs and SFs corresponds to the 
unit vector uq := (1, 1) G Z n+2 for a variety of complex dimension n. The explicit form 
of the fi-form makes it possible to define the action of the Galois group Gel(K x /Q) more 
concretely. The precise form of this action is different in the diagonal and the nondiagonal 
cases: while in the diagonal case the modding is by di in all the components this does not hold 
for nondiagonal hypersurfaces. In this case the form of the action is determined by the same 
modding condition for all components except the variable that enters linear in the coupling 



while the n th component is determined by the constraint d\ J2 i WiUi, leading to a unique result 
for a r (un). In the following the resulting orbit of vectors obtained from the Galois group is 
denoted by 



v = 1cm {di}i^ 



(23) 



<7r(«n,i) 



ru nt i(mod d^, 



% ^ n, 



(24) 




(25) 



The cohomological representation of the fi-motive can now be written as 



H(M n ) 



(Gal(Q(/v)/Q),^), 



(26) 
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where uq = (1, 1, . . . , 1) G U n ^- The f2-motives of both diagonal and nondiagonal varieties 
(11) are of CM type, as implied by the cardinality formulae (10) and (12). 

4.3 Cardinalities and L-functions of il-motives 

The projective motivic cardinalities can be obtained by considering the Galois orbit of vectors 
Uq C U spanned by the vector uq. Viewing this orbit as a realization of the Q- motive 
H(Mq) = (Gel(K x /Q),un)i as described above, the motivic cardinalities can be obtained 
from the cardinality formula given above as 



There are different conventions for the local polynomials V p (M,t) of the motivic part of the 
zeta functions. In the present paper these factors are written as V p (Mq, t) = det (1 + H p (Ma)t), 
following the notation used earlier. With this notation the matrices H p (Mq) can be expressed 
in terms of the Gauss sum products of the Galois orbit as 



leads with tr H p (M n ) = (-l) w+1 N p (M n ) to the L-function coefficients. 

Defining the local factors of the L-function at the good primes essentially as the inverse of the 
polynomials V p (Mn,t) leads to 




(27) 




(28) 



L(M n ,s) 



n 



i 



(29) 



p 



V(Mn,p- s Y 



hence the coefficients of the expansion 




(30) 



n 



are determined as 



a p (M n ) 



tr H p (M n ) 



(-l) w N p (M n ). 



(31) 
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With these local factors the L-functions can be computed explicitly and the comparison with 
automorphic L-functions L(<f>, s) can be attempted. This is the strategy followed in the auto- 
morphic spacetime program in the context of diagonal varieties in [5] and references therein. 

5 Algebraic Hecke characters 

Algebraic Hecke characters provide the key ingredients that allow to link motives with complex 
multiplication to automorphic objects. They are also useful because they provide the simplest 
context in which algebraicity can be made explicit. 

5.1 Infinity type 

To gain a more conceptual picture it is useful to note that up to factors of p the Gauss 
sum products G p are essentially Jacobi sums and therefore define algebraic Hecke characters 
ty, as first observed by in ref. [18]. Weil's notion of Hecke characters of type A has been 
reformulated by Deligne [19] into the notion of an algebraic Hecke character as follows. Hecke 
characters can be associated to arbitary number fields K and are defined as maps on the 
group XJ^Ok) of fractional ideals prime to the modulus ideal m. They are characterized 
by their behavior on the principal ideals o = (z), z e K where the algebraic characters 
Xaig : K x — > E are defined by elements of the group ring 

S = £V<7< e Z[Hom(fT,Q)] (32) 

e 

as 

XalgW = Z S = H<Tl(zf. (33) 

I 

Definition. Let ifbea number field and O k its ring of integers. For c C O k an integral 
ideal denote by T t {K) the group of fractional ideals of K that are prime to c and by Tf(K) 
the principal ideals (z) of K such that z = l(mod c). An algebraic Hecke character ^ modulo 
c is a multiplicative function x on %c(K) whose structure on (z) G T\{K) is determined by an 
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algebraic character x a i g 

*((*)) = Xalg(^) = z s (34) 

in terms of the infinity type S. The integer w = + n C £ for all £, with a c e = a?, is called the 
weight of the character 

5.2 L- functions of Hecke characters 

Associated to a Hecke character \I> with modulus m of a number field K with a ring of integers 
Ok is an L-function, denoted by L(\I/, s), which is defined for all ideals n G X m ((9^) prime to 
the modulus m as 

nex m (o K ) 

where Nn is the norm of the ideal. Part of the motivation for introducing these objects is 
the fact, established by Hecke, that like in the case of Dirichlet characters the L-functions of 
Hecke characters admit a product formulation 

= J] (l-^(p)Np- s )^ (36) 

p elm (O k ) 

For modular forms with complex multiplication in the sense of Ribet [20] there exist algebraic 
Hecke characters \l/ / such that the L-function of the modular form / agrees with that of the 
character L(f, s) = L{^> /, s). 

5.3 Hodge type of the motives M(^) 

Associated to Hecke characters are motives M(\&) with complex multiplication such that their 
L-functions agree L(M(^),s) = L(^,s), where the rhs is the Hecke L-function associated 
to ^ . This construction is usually formulated in the context of motives associated to abelian 
varieties, enhanced to a set (category) of motives by including Artin motives (see e.g Deligne 
[22]). In the present case the inversion is of more interest, i.e. the recovery of algebraic Hecke 



13 



characters from the f2-motives. This will be described further below for algebraic Hecke 
characters constructed from Gauss sum products. 

In the case of CM motives the Hodge type (BH TyS (M(^)) can be made explicit because it is 
determined by the infinity type of the character If the field K has degree deg K the infinity 
type is parametrized by integers S = (rii, ...,nd cg k)- The degree of a CM field is even, hence 
the integers ri 1 can be arranged as (ni, ...,ni dcg K' n c±dcg ki •••> n ci) ) where n c i is associated to 
the complex conjugate ~di in the infinity type The weight of the infinity type is defined as 

w = n e + rid, (37) 

and it is assumed to be independent of £. The embeddings r m of the coefficient field E act on 
S, leading to transformed infinity types 

r m oS = «\ n? deg K , n™i Aeg K , m = l,...,degE. (38) 

The Hodge type of the associated motive is given by 

H n ?> n r(M(^)) = H n ?> w - n ™(M(<S!)). (39) 

Over Q the motive is given by 

dcg E 

H at (M(V)) = H n ?> w ~ n ™(M(^)). (40) 

m=l 

This general picture of algebraic Hecke characters and their associated motives arises in the 
context of weighted hypersurfaces via characters that are induced by the finite field Jacobi 
sums. The resulting characters are particularly simple in those cases where the Jacobi sums 
lead to characters associated to imaginary quadratic fields because in this special case it was 
shown already by Hecke that the associated L-functions are modular. 

5.4 Jacobi sum Hecke characters 

For Hecke characters of Jacobi sum type the first step is to view the Jacobi sums j p (ct) 
associated to finite fields ¥ p with values in a cyclotomic field K d = Q(fid) as characters on the 
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ideals of this field, leading to cyclotomic characters J a (p) defined on prime ideal p\p in terms 
of the finite field Jacobi sums j p (a) 

J a {p) < — > j P (a), a = da. (41) 

Here a G Q n+1 is related to the vectors u G U n ^ as cej = ^f^. For the vector u gUq and its 
Galois images a r = a r (uci) with components a l r one thus obtains algebraic Hecke characters 
^ 'r '■= J ar whose structure encoded in the characters 

= = II ^-K^ ( 42 ) 

a t eGsX{K x /Q) 

has been determined by Weil [10] as 

(43) 

where n + 2 is the rank of the Jacobi sum, [•] is the integral part, and (x) = x — [x] is the 
rational part. 

This explicit form of the infinity type for Jacobi sum Hecke characters provides one way to 
correlate the ^-vectors to their Hodge type. 

6 Algebraic cuspidal automorphic forms and represen- 
tations 

Conformal invariance of string theory makes it reasonable to ask whether the modular forms 
expected to appear in the intermediate cohomology of the compact varieties can be derived 
from the modular forms that arise on the worldsheet. This question leads to a modular real- 
ization of the notion of an emergent spacetime in string theory [5] . Modularity is too narrow 
a framework, however. While all elliptic curves are modular and modular motives also occur 
in higher dimensions, most motives are not modular, necessitating the generalization to auto- 
morphic forms and representations. While all pure motives are expected to be automorphic, 
not all automorphic forms are thought to be motivic. The class of forms that are believed to 
admit a motivic interpretation is comprised of those automorphic objects that are algebraic. 
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6.1 Automorphic forms 



The focus in this paper will be on automorphic objects associated to GL(n), leading to the 
standard L-functions, which are conjectured by Langlands to account for all L-functions. 
While several instances of such relations have been established, the general proof of functori- 
ality seems out of reach at present. The general notion of an automorphic form is motivated 
to a large extent by the idea to generalize the group theoretic lift of classical modular forms 
to GL(2) to higher rank groups. This provides a more conceptual view already for modular 
forms and places these objects into a more coherent framework. Background discussions of 
automorphic forms and representations can be found in [21]. 

Roughly, automorphic forms are complex valued functions on a group G that satisfy a 
number of constraints. First, the covariance of modular forms with respect to some congruence 
subgroup T C SL(2, Z) is traded for the invariance of with respect to an arithmetic subgroup 
T C G(Q). Next, the invariance of GL(2) forms with respect to the maximal compact group 
K = SO(2,R) C SL(2,R) is generalized to C-finiteness for a maximal compact subgroup 
C(R) C G(R), i.e. the right translations with respect to C given by {4>{gk) g £ G, k £ C} 
span a finite dimensional space. The penultimate constraint requires that is annihilated by 
an ideal in the center Z(U(g)) of the universal enveloping algebra U(q) of the Lie algebra q of 
G, and finally it is assumed that is of bounded growth. This structure is made more explicit 
for the GL(2)-automorphic lift of holomorphic modular forms in Section 7 and examples are 
discussed in Sections 9 and 10. 

Associated to automorphic forms are representations tt, induced by the right regular repre- 
sentation acting on the space of square integrable function L 2 (G), that are related to by 
the fact that the form is an element in an invariant subspace associated to n. The key that 
turns automorphic representations and forms into managable objects is the fact that they are 
characterized by conjugacy classes in the dual group G. The simplification that appears in 
the context of GL(n) automorphic objects of interest in the present paper is that the dual 
group is again GL(n) and that it is not necessary the problem of L-packets. 
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6.2 Local factors (j) v and tt v and their Langlands parameters 

Similarly to the factorization of the motivic L-functions the L-functions of Hecke eigenforms 
decompose into local factors. The analogous localization of automorphic structures is given 
by the tensor product n = ® v 7i v for the automorphic representation, and the corresponding 
decomposition = ® v (p v for the automorphic forms. Here v runs through the finite primes p 
as well as the so-called infinite primes v\oo asscociated with the archimedean fields R and C. 

In general the local Langlands parameters associated to ir v or <f> v are (equivalence classes of) 
maps from the Weil-Deligne group WD(K V ) of the local field K v to the L-group L G, which 
has as a factor the dual group G 

r v : WD(K V ) — ► L G. (44) 

These maps are of quite different structure, depending on whether v is a finite prime or 
whether v loo. 



6.3 Infinity type of tt 

The conjectural relation between pure motives and automorphic forms and representations 
becomes most transparent when expressed in terms of the infinity type of the algebraic au- 
tomorphic representations. This structure was first emphasized in [23], which can serve as 
a reference for a more detailed discussion of these objects. For the archimedean case the 
Weil-Deligne group is just the Weil group Wk v and L G = G. According to Langlands [24] 
the archimedean components ir v , v\oo, are determined by the representations r v of the Weil 
groups W Kv 

r v '■ Wk v > G = GL(r,C) (45) 

if G is the general linear group. In both cases v = R, C the component ir v is obtained from a 
representation of C x C W v , v\oo, where C x = Wc- Denoting the restriction of r v to C x by 

r v \c>< = ^oo (46) 
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leads to the map 

roo(vr): W c = C x — >■ GL(r, C) (47) 

which characterizes the archimedean component tToq. Since C x is an abelian group all its 
representations decompose into 1-dimensional representations 

r 

rM = 0X*oc, (48) 
where the precise form of the characters x^. depends on the structure of n. 
For algebraic automorphic representations the xlo take the form 

X ^{z) = z r *z s % r t ,s t EZ (49) 

in an appropriate normalization of n. (In the literature several different conventions are 
adopted, depending on whether the viewpoint is more motivically oriented or more num- 
ber theoretically oriented. This leads to different conditions for the exponents r i: s,.) The 
collection of pairs of integers 

4o(tt) = {(n, | n, Si e z} (50) 

is the infinity type of the algebraic automorphic representation ir. 

6.4 The tensor product of automorphic representations 

One of the main problems in the theory of automorphic motives is to establish the automor- 
phic analog of the tensor product. For this purpose automorphic product was introduced by 
Langlands [4] some time ago in the context of isobaric representations. While the automorphy 
of this product has not been established in general, for certain classes of forms and represen- 
tations proofs have been found. The most important of these results for the present paper is 
the result of Ramakrishnan for the product GL(2) x GL(2) [29]. 



18 



6.5 Automorphic L-functions 



In the case of modular motives M the relation between the spacetime geometry and the 
worldsheet theory T E can be made functionally by relating the L-function L(M, s) of modular 
motives to the L-function L(f, s) of a modular form / construction from Ts 

L(M,s) = L(f,s). (51) 

The notion of a modular L-function is immediate by considering its Fourier expansion f(q) = 
Yin °™'? n an d the inverse Mellin transform. Such relations have been established in the context 
of Gepner models and singular fibers of deformations in these models in refs. [5, 12]. The 
extension of these results to automorphic motives involves the notion of an automorphic L- 
function L(n, s) = L(<f>, s), leading to an expected relation of the form 

L(M,s) = L(vr,s). (52) 

The precise form of this relation depends on the conventions. 

The definition of L(ir, s) for a representation 7r is most transparent for irreducible admissible 
representations n of GL(n) because it is known that each such representation can be factored 
into a restricted tensor product n = <g> v ir v such that each n v is an irreducible admissible 
representation of GL(n) over the local fields K v [25]. Furthermore, for almost all v the 
components ir v belong to the unramified principal series representations, which give rise to 
semisimple conjugacy classes A v (ir) in GL(n, C) (ref. [26] is useful for background material 
of these concepts). In general the conjugacy classes belong to the dual group G of G. The 
eigenvalues of these matrices are often called Satake parameters, and by abuse of notation 
the matrices A v (jr) will be called Satake matrices. The precise form of ^(vr) depends on 
the normalization of the automorphic representation and the different conventions adopted in 
the literature result in shifts of the argument s of the L-function. Given the Satake matrices 
A v (n), the local factors of the L-function of the automorphic representation are defined as 

V v (ir,t) = det(l-A,t), (53) 
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leading to the global L-function 

L(tc,s) := TT - - } . -. (54) 

For a representation r of G = GL(n, C) the L-function associated to (n, r) can be defined via 
V v (n,r,t) = det(l -r(A v )t). 

An agreement of the L-function is thus obtained by an agreement of the Hecke eigenvalue 
matrix H p (M) of the motive and the automorphic Satake matrix A v . 

7 The special cases GL(2) and GL(4) 

In the present paper the focus will be on automorphic objects of rank two and four. 

7.1 GL(2) automorphic objects: the space AutFh i(GL(2)) 

The structure of automorphic objects can be made most explicit when they are obtained via 
lifts of modular forms. This case in particular allows to make transparent the implications 
of the different normalizations that exist in the literature. Since in the present paper the 
focus is on automorphic motives it is natural to choose a normalization of the automorphic 
representations that reflect this relation in the simplest possible way. In a later section exam- 
ples of GL(2) string automorphic motives arising from nondiagonal Calabi-Yau varieties are 
discussed in some detail. 

For modular motives the most interesting class of modular forms is that of holomorphic cusp 
forms of some level N with respect to the Hecke congruence group T and some character ejv, 
the space of which will be denoted by S W (T (N), e N ). For fixed iV and weight w this space 
is finite dimensional and formulae can be found in Shimura [27]. The lift of a modular form 
/ G S w (Tq(N), cat) to an automorphic form on GL(2) is obtained by noting that a quotient of 
the group GL(2) + generates the upper half-plane H. Define the action of g G GL(2,R) + on 
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i = v^Tby 

ai + b fa b\ , . 

91 = 9= {c d)- < 55 > 

Since the stabilizer of % is given by the subgroup SO(2, R) and the center Z(M), the upper 

half-plane can be interpreted as 

H = GL(2,M) + /Z(M)SO(2,M). (56) 



The lift (f)f of a modular form of weight w is defined as 

*M= ( ^-fmX ,= (: S)eGL(2r. (57) 

Since f(jT) = €N(d)(cr+d) w /(r) for 7 G r (iV) C SL(2, C) the automorphic form transforms 
just with the character under the congruence group. This relation can be inverted to 
construct a modular form / from an automorphic forms as 

/(T) = = (58) 

It is possible to intrinsically identify within AutF(GL(2)) the subspace of cusp forms which is 
the image of the above lift map (see e.g. ref. [28]). 

The infinite component n v for v\oo of GL(2) forms is of discrete series representation type, 
denoted by D w for integral w, with a Langlands parameter = roo(D w ) = r v (D w )\cx, v\oo, 
given for n = ix^ with / of weight w by 

= J^. (59) 

The local factors L p (ir, s) of the L-function L(ir, s) of the automorphic representation n = ® v n v 
at the finite primes v = p are described by rank two Satake matrices A p (7r) whose elements 
are determined by the Fourier coefficients of the modular form. If / is a Hecke eigenform its 
Fourier series can be written as an Euler product 

L (/> s ) = III -a. 1 n ( 6 °) 

- L - L 1 — a p p +€n{P)P p 
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Factorizing the polynomial V p (f,t) = 1 — a p t + €NP w t 2 = (1 — 7p 1 ^)(l — leads to the 

Hecke matrix 

in terms of which the L-function can be determined via the local factors V p (f, t) = det (1 + H p (f)t). 
Identifying the Satake matrix A p (7i) with the Hecke matrix 

A p (n) = H p (f) (62) 
thus leads to the automorphic L-function as 

L(n,s) = L(f,s). (63) 
As noted earlier, other normalizations are in use as well, resulting in shifts in s. 

7.2 GL(4) automorphic objects 

Automorphic forms and representations associated to higher rank groups behave quite differ- 
ently from the automorphic forms associated to GL(2), in particular the subspace generated 
by holomorphic modular forms. The key here is that these forms are in general not induced 
by GL(2) forms, even the algebraic automorphic objects that are conjectured to arise from 
motivic. Part of the difference is that the archimedean components -Kqo of GL(n) automorphic 
forms are not of discrete series type for n > 2, but instead are tempered. Nevertheless, the 
infinity type takes a form that is of similar structure as the GL(2) infinity type, except that 
it involves more characters 

7-00(71-) = diagfoL,-- ( 64 ) 

with 

X l M = * ri z Si r t , Sl eZ (65) 

where z G C x . 

The question thus becomes how for motivically induced automorphic forms and representa- 
tions the infinity type is determined by the motive. In the applications below it will become 
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clear that the tempered representations of the archimedean components of GL(n) can form 
a tensor product of the discrete series type representations 7rS of GL(2) building blocks. 

8 Automorphic motives 

It is generally expected that pure motives are automorphic and that the class of automorphic 
objects obtained in this way coincides with those that are algebraic. 

8.1 Hodge type and infinity type 

The discussion of the cohomology type of the motives and the infinity type of algebraic au- 
tomorphic forms has been summarized above in a form that emphasizes the similarity in 
structure: both types of objects can be represented by vector spaces that admit a filtration 
characterized by a vector of pairs of integers (r i? Sj) G Z 2 . If the rank r of the automorphic 
representations is identified with the rank rk(M) of the motive the above description makes 
it plausible to expect a relation of the form 

H(M) = roo (ir)® X , (66) 

where x is a character that takes into account possible twists that may be chosen to implement 
different normalizations of the automorphic representation. If the infinity type Ioo(^) is chosen 
to be given by the Langlands normalization then the character x of a GL(n) representation 
is usually chosen to take the form x = \ ' lc~™^ 2 ( see e -S- [23])- 

The decomposition of both the cohomology and the infinity type of the algebraic representation 
n leads to the more precise relations 

rk(M) rk(M) 

H ri ' Si (M) = Q) X l oo®X- (67) 

i=l 1=1 

n+Si=w M 

The problem now is to put this conjectural relation into a computable form that can be tested. 



23 



In the following this will be considered in the context of ^-motives, in particular for weighted 
Fermat hypersurfaces. 

8.2 Structure of GL(2) automorphic motives 

In this section the structure of GL(2) automorphic motives is made explicit. The key here is 
that the Hodge structure of the motive can take quite different values because the transition 
from the motive to the automorphic form involves the Tate twist. In the simplest case, relevant 
e.g. for Calabi-Yau varieties, the Hodge structure of an automorphic GL(2)-form of weight 
w n — Wf — w + 1 e.g. is given by 

H(M) = H W >°(M)®H°' W (M). (68) 

In general this is not the case however. In the more general class of special Fano varieties, 
introduced in the context of mirror symmetry for rigid Calabi-Yau varieties [30, 31, 32], the 
Hodge structure of the modular motives (associated to GL(2) automorphic forms) takes the 
form 

H(M) = H w+Q -^ Q ~ l © h q - 1 ' w+q ~\ (69) 

where Q is a positive integer which can be thought of either as the total charge of the under- 
lying Landau- Ginzburg model, or as the codimension of the critical variety associated to this 
Fano variety. More details about these spaces can be found in the above references. 

Modular motives of such varieties and their mirror Calabi-Yau varieties have been discussed 
in [33]. The L- function that turns out to be relevant for the associated modular form is not 
determined by the motivic cardinalities N p (Mq) per se, but by the renormalized cardinalities 
defined by 

n ?(m) = am. (70) 

The relation between the weight of the automorphic form and the weight % of motive is 

W<t> =w M + l-2(Q-l) (71) 
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and the infinity type r 00 (7r ( ^) of the automorphic form of the modular motive takes the form 

/ z w M -2(Q-l) o 
r °oi 7F 1 - ( -gw M -2(Q-l) 

Remark. 

Historically, the construction of modular motives has focused on Kuga-Sato varieties, following 
the original work of Deligne [34] , completed later by Scholl [35] . In string theory the focus is 
mostly on Calabi-Yau varieties, generalized to the class of special type Fano varieties in the 
context of mirror symmetry for rigid Calabi-Yau spaces. 

9 Automorphic GL(2) motives in dimension two 

In the case of rank two motives the automorphic structure can be linked to the more familiar 
framework of modular forms. This is useful not only because modular motives do appear in 
higher dimensional varieties, but because GL(2) automorphic representations also appear as 
building blocks of higher rank automorphic motives. 

Perhaps the simplest nontrivial example of a nondiagonal modular motive is given by the 
f2-motive of the K3 surface 

X 2 6D = {zl + zl + 4 + z 2 z 2 3 = 0} C P(i,i, 2 ,2). (73) 

This variety corresponds to the exactly solvable Gepner model given by the tensor product 

T| D = (Af®A D ) GSO , (74) 

with central charge c = 6, and the subscript indicates the GSO projection. The Galois group 
Gal(K x /Q) is determined by v = lcm{rfj}j^ n = 6, hence leads to Gal(Q(/x 6 )/Q) = {<7i,<7 5 }. 
The f2-motive of this surface is spanned by the Galois orbit of the vector mq, leading to the 
realization 

if(M n ) = (Gel(K x /Q),u n ) = u n ®u n = (1,1,1,1)0(5,5,0,1) (75) 
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of the motive, where uq is the vector dual to uq. 



Associated to the motive are Gauss sum products G p (u) and G p (uq) which can be used to 
define the Hecke matrix 

1/G p («n) \ 
Hp ~ ~ v \ G p (u n ) ) (76) 
and the local factors V p (t) = det(l + H p (M)t). Here the Gauss sum product G p (uq) for the 

dual vector un is the complex conjugate of G p (un). The motivic cardinalities N p (Mq) lead to 

tr H p (M n ) = -N p (M a ), (77) 

and the coefficients of the associated L-function are given by a p (Mn) = tr N p (Mq), as de- 
scribed in Section 4. The computation of the Gauss sum products G p (u) leads to the L- 
function of the f2-motive 

v 2 ' J 7 s 13 s 19 s 31 s 37 s K ' 

where = denotes the incomplete L-function as usual. The question now is whether this L- 
function is modular and if so, what the associated form is. 

One way to establish modularity and to explicitly determine the structure of the resulting 
modular form is by applying a motivic isomorphism between varieties of D-type and varieties 
of diagonal type [36]. The diagonal varieties will be called to be of A- type and denoted by 
X A , in reference to their affine A- type partition function invariants of the underlying exactly 
solvable conformal field theory. In the present case this motivic AD-isomorphism implies that 
the fi-motive Mq(X| d ) of the D-type K3 surface is isomorphic to the f2-motive to the diagonal 
K3 surface given by 

X 2 6lA = [zl + zl + zl + zl = 0} C P (lil)li3) (79) 

where the superscript superscript 6i is used because further below a second diagonal degree 
6 K3 surface will appear. 

The fi-motive of the surface (79) has been analyzed in detail in [37], where it was shown that 
its L-function is modular in terms of a form / 3 2 7 of weight three and level 27 

L n (X^ A ,s) = L(f 3t27 ,s). (80) 
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The form fs^7 is given in closed form by 

/3.27(g) := v 2 (q 3 W(q 9 Mq 3 ), (81) 

where $(q) is a theta series -d(q) = J2 z eo K ^ Nz associated to the imaginary quadratic Eisenstein 
field K = Q(V — 3) with Ok the ring of integers in this field. The string theoretic interpretation 
of fs t 27 is most transparent by noting that it is the symmetric square of its 77-product factor, 
which defines a modular form of weight two and level 27. This factor can be expressed in 
terms of the Hecke indefinite modular forms 0* as 

/ 2 ,2 7 (t) = e\ tl (3T)e\ tl (<?), (82) 

a form that is associated to the elliptic diagonal curve E 3 cf 2 . The weight one forms 

©l» = V 3 (t)cIJt) (83) 

are obtained in terms of the string functions c£ m (r) of Kac- Peterson [38], associated to the 
algebra This affine Lie algebra is the basic building block of the J\f = 2 superconformal 
models of the Gepner models, hence provides a direct link between the worldsheet theory 
and the motive of the compact variety. More details about this diagonal model can be found 
in [37]. 

The motivic A-D-isomorphism implies that the L-function of the fi-motive of the nondiagonal 
K3 surface X$D is equal to the L-function of the diagonal surface 

L n (X™,s) = L Q (X^ A ,s) (84) 

hence modular in terms of fs^7- With this result the automorphic form is given by the lift 
03,27 = 0/3,27 an d with the appropriate normalization the identity Ln(X| D ,s) = L(/ 3j2 7, s) 
translates into an identity between the motivic L-function and the automorphic L-function 

£(03,27, S). 

The motivic AD-isomorphism implies furthermore that the Gauss sum products G p (u) for 
u E {u n ,u n ) are directly given in terms of the finite field Jacobi sums j p (otn) that describe the 
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diagonal surface, where = ^. This shows that the infinity type of can be computed 
directly from the Weil formula, leading for an = (1, 1,1,3) and an = (5, 5, 5, 3) to 

S(a n ) = 2 -(Ti + 0<75 

S(a n ) = 0<7i + 2-<7 5 . (85) 

Thus the infinity type 

'--{*? i) m 

is given by xlo( z ) = z s ^ an ^ and xlo( z ) = z s ^ an \ leading to the Hodge type of the corresponding 
motive M of the nondiagonal variety whose weight is given by % = rt\ + n 5 = 2 

H(M) = H 2 '°(M)®H°' 2 (M), (87) 

In the present case the motive is pure and the weight of the motive is given by the degree of 
the cohomology. 

The key structure of such GL(2) automorphic representation is that the space of functions is 
1-dimensional and that the corresponding automorphic form (p = <f) n is determined by the lift 
of a cusp modular form /(r) on the complex upper half-plane of some level N and a weight 
Wf that is determined by the weight % of the motive as wj = % + 1. 

The infinite component itoo of the automorphic representation 7r = <g> v ir v only determines the 
infinite factor of the completed L-function of the motive. The main arithmetic information is 
contained in the local factors n p at the finite primes, similar to the local factors L p (Mq, s) of 
the motive, obtained from the local zeta functions Z(X/¥ p ,t). Identifying the Satake matrix 
A p (n) is identified with the Hecke matrix 

A p (n) = H p (Mq) (88) 

then leads to the above relation between the motive and the automorphic representation 
determine via 3i27 as a lift of a weight 3 form with respect to the Hecke congruence group 

r (27). 
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Other nondiagonal K3 surfaces of D-type or of more general type can be discussed in a similar 
way. An example that does not correspond to an exactly solvable model of Gepner type but 
is string modular nevertheless is given by the K3 surface 

X 2 12ND = {z« + 4 + 4 + Z 2 4 = 0} C P( 2 ,4,3,3). (89) 

In this case the field K x of the variety is given by Q(/i v ) with (here n — 2) 

v = \cm{di}i^ n = 6, (90) 

hence the rank of the motive is rk M n (X), 2ND ) = 2 and therefore is modular because the 
motive is of CM type. The modular form /3,4s such that 

L C (X 2 12ND )S ) = L(f 3A8 ,s). (91) 

can be shown to be of weight three and level N = 48, with the closed form expression 

f 3 ,M = v 3 (q 2 W(q 6 )®X3, (92) 

where X3 is a Legendre character of the type Xnip) = (j?) ' 

The form (92) was shown in [37] to be the symmetric square of the elliptic modular form 
/2,i44 € 5*2(1^0(144)) which has a string interpretation in terms of the Hecke indefinite modular 
form 6 1)1 (r) as 

/2444(g) = e^fo 8 ) 2 ®**. (93) 

This reflects the fact that the K3 surface X 2 12ND is an elliptic fibration with a generic elliptic 
fiber in the configuration E 6 (\) C P(i,2,3)- The L-function of the diagonal curve E 6 was 
computed in [39] and is given by the weight two form above, leading to 

L(E 6 ,s) = L(f 2M4 ,s). (94) 

It would be interesting to find an exactly solvable conformal field theory construction of this 
K3 surface that explains the L-function identity (91). 
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10 An automorphic GL(4)-motive in dimension three 

In this section the automorphic structure of a rank four motive of the nondiagonal Calabi-Yau 
threefold 

X 3 12D := + + 4 + + = 0} C P(i,i, 2 ,4,4) (95) 

is considered. This variety is associated to an exactly solvable tensor model of the form 



T 12D = (1O®2 04a06d ) 



GSO 



(96) 



on the worldsheet. 



The number field associated to this variety is the cyclotomic field K x = Q(a*i2), which leads 
to the realization of the ^-motive as 

H(M n ) = (Gsl(K x /Q),u n ) 

= (1, 1, 1, 1) © (5, 5, 5, 0, 1) © (7, 7, 1, 1, 1) © (11, 11, 5, 0, 1). (97) 

The local factors L p (Mq, s) of the L-function of the f2-motive are therefore given by the Gauss 
sum products associated to the motivic vectors c^(-un) £ 



H p (M n ) 



via the polynomials 



1 

P 



( G p ((Ti(u n )) 



G P (a 7 (u Q )) 



\ 



V p (M a ,t) = det (1 + Hp{M Q )t) = Y[ (l + -Gp(a e (u n ))t) 

The resulting projective motivic cardinalities lead to the L-function coefficients 

a p (M n ) = - - G p( m )' 



V 



ueUn 



whose computation leads to the L-function 



L n (X? D , s) = 1 - — + — + 



132 52 740 276 36 1284 



13 s 37 s 6P 73 s 97 s 109 s 
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+ 



(9* 



(99) 



(100) 



(101) 



with = indicating the incomplete L-function as before. 

The question is again whether this L-function is automorphic, and if so, what its structure is. 
The structure of this L-function can be understood by proceeding in a way analogous of the 
strategy adopted in [5] for rank four automorphic motives derived from diagonal varieties. The 
idea is to find modular motivic building blocks and to build the L-function of the f2-motive 
of the threefold via the Rankin-Selberg convolution of the lower-weight modular forms. In 
the present example it can be checked that the L-function of the modular form (92) of weight 
three and level 48 factors into the L-function (101). It was shown in [37] that this modular 
form is f2-motivic, with the motive coming from the K3 hypersurface 

X 2 6aA = + £ + g + 4 = 0} C P (1>1>2>2) . (102) 

As noted above, the string theoretic nature of the modular form (92) becomes apparently by 
noting that it is the symmetric square of a modular form of weight two and level 144 which 
is given in terms of the Hecke indefinite modular forms 0j? as f 2> 144(9) = ©i,^*? 6 ) <S> X3- 

The quotient series obtained from the two L-series Lq(XP d and Lq^X® 2 , s) is modular of 
weight two and level 256, hence the threefold L-function is the Rankin-Selberg convolution of 
two modular forms, much like in the case of the automorphic rank four motives discussed in 
ref. [5]. 

The proof of the automorphy of the rank four motive of the CY threefold can be completed by 
applying again the motivic isomorphism of [36] between motives of L>-varieties and motives of 
A-varieties. In the present case this isomorphism implies that the f2-motive of the nondiagonal 
variety Xl 2D is identical to the f2-motive of the diagonal Calabi-Yau threefold 

X 3 12A := { z ? + z ? + z <> + z l + z l = 0} C P(i,i, 2 , 2> 6), (103) 

which is known to be automorphic. General discussions aimed at nonexplicit automorphy 
obtained by base change for cyclic extension fields can be found in [40, 41] for extensions of 
prime degree and for non-prime degree in [42]. Automorphy of the Rankin-Selberg convolution 
of GL(2)-forms was established in ref. [29]. 
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This result allows to compute the infinity type of the algebraic Hecke characters of the non- 
diagonal CM motive 

n e r a e (104) 

^(Z/(E)x 

via the characters J ar (an) associated to Q(nd) with d = 12. Weil's formulae (42) and (43) lead 
to 

S(a 1 (ao}) = 3o x + 0-5 + 20-7 + 00-1! 
S(cr 5 (a n )) = Oi + 3o 5 + 0o 7 + 2on 
S(a 7 (a n )) = 2o x + 0o 5 + 3o 7 + a u 

S(a u (a n )) = Oo-i +2o- 5 + o-7 + 3(7ii. (105) 

Put slightly different, the infinity type associated to the Q-motive Mq can be viewed as an 
infinity type matrix S = (n*), denoted by the same symbol. 

The infinity matrix S determines the Hodge type of the motive via the motivic weight wm = 

n s r + n c r s = 3 as 

deg E 

H ar (M n ) = H n r> w -< = H 3,0 © H 1,2 © H 2 ' 1 © H ' 3 . (106) 

s=l 

In the present case the automorphy of the diagonal hypersurface implies that modular Hecke 
matrices coming from the f2-motive of the K3 surface X| B 

l(G p (u$) 
V V G p (u ( n 



H p (M n (X™)) = - ( ^ > „ l {2)) ) , (107) 



and the Hecke matrix of the modular form ^2,256, given by its Fourier coefficients j 2,256 (?) = 
E„°n(/)g" via 

a P (f) = a p (f) + /3 p (f) 

V = <*ptf)W) (108) 



as 



W) = I ^ > J /( I (109) 
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lead to the rank four Hecke matrix of the threefold by considering the tensor product 



H p {M u {X^)) = H p (M n (Xl B ))®H p (f). 



(110) 



The infinity types of the algebraic Hecke characters then lead to the following Langlands 
parameter of the archimedean component 



(z 3 



zz 2 



z 2 z 



(111) 



Z 3 J 



11 Outlook 

In the present paper the focus has been on the automorphic structure of nondiagonal space- 
times whose underlying conformal field theory structure is given by exactly solvable theories 
that are of nondiagonal Gepner type, or Kazama-Suzuki type. Within these classes of varieties 
one can consider family spaces, which in the underlying conformal field theory correspond to 
deformations along marginal operators. Such deformations have previously been considered 
for diagonal Gepner models, with a particular focus on fibers in the families that are mod- 
ular. For such points in the moduli space it is possible to ask whether the motivic modular 
forms are again related to the modular forms on the worldsheet theory Ts, hence whether 
the geometric forms admit a string theoretic interpretation. In ref. [12] such string theoretic 
modularity was shown to exist for mixed motives that arise from singular fibers in deforma- 
tion families of diagonal varieties. This shows that the phase transitions between topologically 
distinct Calabi-Yau varieties described by modular mixed motives encode at least part of the 
conformal field theoretic structure of the rational points. This is a strong indication that the 
modular phase transitions that arise in these families are string theoretically consistent. 

The results described in the present paper on automorphic motives of nondiagonal rational 
theories suggest a two- fold extension of the family analysis in [12]. It would be interesting to 
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consider fibers in the deformation families diagonal Gepner models that give rise to automor- 
phic forms and representations rather than modular forms and to relate these autormorphic 
structures to the conformal field theory on the worldsheet. For smooth fibers this involves 
automorphic pure motives, but in the case of singular fibers describing phase transitions this 
involves the concrete construction of automorphic representations associated to mixed mo- 
tives. Such automorphic mixed motives are at present not understood, but conjecturally 
provide the most general framework that exists at present time. 

In the context of the worldsheet theory work remains to done in particular in the context 
of G/H exactly solvable theories. Missing in these constructions extending the SU(2)/U(1) 
theory underlying the Gepner models is an understanding of the string functions of Kac and 
Peterson that play a pivotal role in the Gepner models. The explicit construction of these 
objects along the lines of Kac- Peterson [38] would provide an important step in extending the 
automorphic spacetime program to a more comprehensive framework. 
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